In Section 1, by virtue of the formula [1, Theorem 2.1], the inequality depth K[G k+6 ] ≤ 7 will be proved. In Section 2, we compute a Gröbner basis of I G k+6 and an initial ideal in(I G k+6 ) of I G k+6 , and show the inequality depth K[x]/ in(I G k+6 ) ≥ 7. In general, one has depth K[x]/I G k+6 ≥ depth K[x]/ in(I G k+6 ) (e.g., [ Let S G be the semigroup arising from G. Let A G = {a 1 , . . . , a r } be the set of columns of the incidence matrix of G where a l corresponds to the edge e l (which corresponds to the variable x l ). Therefore, S G = NA G .
To prove pd K[G] ≥ 2k − 1, we use the following theorem due to Briales, Campillo, Marijuán, and Pisón [1] . For s ∈ S G , we define the simplicial complex 
We consider the case where
By Lemma 1.1, it is sufficient to prove the following lemma:
We set ∆ = ∆ s . Before proving Lemma 1.2, we compute the simplicial complex ∆. 
To prove that there are no facet other than F 1,i , F 2,j , it is enough to show that
By the symmetry, we also have {1, 3}, {4, 6}, {5, 6} / ∈ ∆. Second we show that {1, 6} / ∈ ∆. Suppose, on the contrary, that {1, 6} ∈ ∆, i.e.,
Then we can write
Similarly, we have c 4 = c 5 = c 6 = 0 and
, but it must be 2k. This is a contradiction. Next we show that {2, 4}, {2, 5}, {3, 4}, {3, 5} / ∈ ∆. Suppose that {2, 4} ∈ ∆, i.e.,
Then we can write s − n {2,4} = r l=1 c l a l , where c l ∈ N. Since (s − n {2,4} ) 1 = 0 and (s − n {2,4} ) 2 = 1, we have c 3 = 1. Similarly, we have c 5 = 1. Thus
Then the similar argument on the proof of {1, 6} / ∈ ∆ yields a contradiction. Therefore {2, 4} / ∈ ∆. By the symmetry, we also have {2, 5}, {3, 4}, {3, 5} / ∈ ∆. Last, we show F 0 / ∈ ∆. It follows from
Now we prove Lemma 1.2.
Proof of Lemma 1.2. Let ∆ 1 be the subcomplex of ∆ whose facets are F 1,i , i = 1, . . . , k, and ∆ 2 the subcomplex of ∆ whose facets are
In particular, dim ∆ 1 ∩ ∆ 2 = 2k − 3. Note that both of ∆ 1 and ∆ 2 are cones over some simplicial complexes and so the reduced homologies of these all vanish. Therefore the Mayer-Vietoris sequence
We can seeH 2k−3 (∆ 1 ∩ ∆ 2 ; K) = 0 by considering the alternating sum of all facets of
Therefore we haveH 2k−2 (∆; K) = 0.
Proof of depth
Let, as before, G = G k+6 of Figure 0.1. In this section we prove that depth
We set C 1 = (e 2 , e 1 , e 3 ) and C 2 = (e 4 , e 6 , e 5 ), both of which are 3-cycles of G. Proof. The result follows from a straightforward application of Buchberger's algorithm to the set of generators of I G corresponding to the primitive even closed walks listed above. Let f and g be two such generators. We will prove that the S-polynomial, S(f, g), yielding from Buchberger's algorithm will reduce to 0 by generators of type (I), (II) and (III). For convenience of notation, we will assume that i, j, p, and q are all odd integers such that 7 ≤ i < j, 7 ≤ p < q.
Case 1: Let f = x i x j+1 − x i+1 x j and g = x p x q+1 − x p+1 x q be generators of type (I). If i = p and j = q, then the leading terms of f and g are relatively prime and thus the S-polynomial S(f, g) will reduce to 0 (e.g., [2, Lemma 2.3.1]). Suppose i = p, then
Note that, up to sign, x j+1 x q − x j x q+1 is a generator of I G of type (I) and therefore S(f, g) will reduce to 0. The case of j = q is similar. Case 2: Let f be the same as above and g = x 1 x 4 x 5 x 2 p − x 2 x 3 x 6 x 2 p+1 a generator of type (II). If i = p then the leading terms of f and g are relatively prime and therefore
where x 1 x 4 x 5 x i x j − x 2 x 3 x 6 x i+1 x j+1 is a generator of type (III).
Case 3: Again, we assume that f is the same as above. Now assume g is of type (III), g = x 1 x 4 x 5 x p x q − x 2 x 3 x 6 x p+1 x q+1 . If i = p, q then the leading terms of f and g will be relatively prime. Suppose i = p, then
and again we have that x 1 x 4 x 5 x q x j − x 2 x 3 x 6 x q+1 x j+1 is either a type (II) or type (III) generator of I G . The case of i = q is similar. Case 4: Now let f and g both be generators of type (II),
is a multiple of a type (I) generator.
Case 5: Let f be the same as in Case 4 and g = x 1 x 4 x 5 x p x q − x 2 x 3 x 6 x p+1 x q+1 of type (III). First suppose that i = p, q. Let us consider the case of i < p. Then
And so S(f, g) reduce to 0 by two type (I) generators. The cases of p < i < q and q < i are similar. Now suppose i = p, then the S-polynomial,
is a multiple of a type (I) generator. The case of i = q is similar.
Case 6: Finally, we let consider the case that both f and g are of type (III):
We may assume that i ≤ p. Let us first suppose that i, j = p, q, then
Now let i = p. We then have
The cases of j = p and j = q are similar. Now we prove that depth K[G] ≥ 7. We denote by in(I G ), the initial ideal of I G with respect to < lex . Since
it is sufficient to prove that depth K[x]/ in(I G ) ≥ 7. By Auslander-Buchsbaum formula, it is enough to prove the following lemma:
Proof. First we compute in(I G ). The binomials corresponding to type (I) are
The initial term of this binomial is x 2(i−1)+7 x 2(j−1)+8 (i < j). We denote by I ′ , the ideal generated by these monomials. Note that x 8 and x 2(k−1)+7 do not appear in the minimal system of monomial generators of I ′ . The binomials corresponding to types (II), (III) are
The initial term of this binomial is
We set
By the short exact sequence 0 
